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1 Cross-ownership?

• Think of a bank

which holds a mortgage,

which is owed by a person

whose investment portfolio owns part of the bank.

• Make it more complicated:

Let the person own an OTC derivative issued by that bank.

• Now consider this on a large scale with many such people.

How do you price this?
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Equity cross-ownership (also: reciprocal ownership, corporate cross-

holding, or intercorporate shareholding; in economics, rather than in

mathfinance) matters:

• McDonald (1989): in 1987 double counting from cross-ownership

of equity accounted for “at least 24% of Japan’s reported market

capitalization.” (Mochiai effect)

• Ritzberger and Shorish (2002): “under cross-ownership the book

value of a firm will tend to be overestimated with respect to the

underlying cash flows.”

• Let’s not forget the Deutschland AG!

(Deutschland AG = network of German companies with

equity cross-ownership/capital entanglement)
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Kapitalbeteiligungen 2006

Finanz − Finanz

Industrie − Industrie

Finanz − Industrie

Kapitalverflechtungen in Deutschland 2006

Deutsche Telekom

Siemens

DaimlerChrysler

Volkswagen

Deutsche Post

Deutsche Bank

Robert Bosch

BMW

BASF AG

ThyssenKrupp

RWE

Deutsche Lufthansa

E.ON

RAG

Allianz

Münchener Rück

Bayer

Continental

EADS

KarstadtQuelle

MAN

UniCredit

Porsche

Commerzbank

Fresenius

Bayerische Landesbank

Bilfinger Berger

Rhön−Klinikum

Fraport

KfW

Heidelberger Druck

BSH Bosch Siemens

Arcelor Mittal

Linde

TUI

K+S

AXA

Generali

GEA

© 2008  Lothar Krempel, Max-Planck-Institut für Gesellschaftsforschung | www.mpifg.de/people/lk
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Kapitalverflechtungen in Deutschland 1996

Kapitalbeteiligungen

Finanz – Finanz
Industrie – Industrie
Finanz – Industrie

Allianz

Deutsche Bank
Daimler-Benz

RAG

VEBARWE

VEW

Thyssen

Preussag

VEAG

VIAG

WestLB

Deutsche Babcock
Krupp

Ruhrgas
Mannesmann

Gerling

Holzmann

Commerzbank

Karstadt

Südzucker

Deutz

Linde

Volkswagen

Beiersdorf

Schering
Bayer

BASF

Vereinte

Metallgesellschaft

MAN

NordLB

Bankgesellschaft Berlin

Hoechst

Buderus

Bayrische Hypo

Münchener Rück
Dresdner Bank

Wacker-Chemie

Hamburger Gesellschaft

EVS

AGIV

BayrischeLB

DG Bank

R+V VersicherungDeutsche Bahn

Henkel

Degussa

Lufthansa

Bilfinger+Berger

BMW

AMB

VictoriaBosch

Bosch-Siemens

Siemens

Colonia

Bewag

Continental

Bayrische Vereinsbank
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Figures taken from

www.mpifg.de/aktuelles/themen/doks/Deutschland AG 1996bis2006.pdf

( c©L. Krempel) which is related to Höpner and Krempel (2003).

⇒ Cross-ownership is a real, structural problem!

http://www.mpifg.de/aktuelles/themen/doks/Deutschland_AG_1996bis2006.pdf
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Ritzberger and Shorish (2002) in the context of separation of ownership

from the control of firms:

[...] The precise quantitative effect of cross-ownership between

firms is, however, difficult to capture, both at the theoretical

and the empirical level. [...]

[...](“A owns part of B, B owns part of A, so A owns part of B’s

ownership of A, which is also part of a part of A’s ownership

of B, which is...”). This recursion must be addressed, [...]

• This “recursion” might lead to a vicious circle or high systemic

risk in a downturn.

• This needs to be priced correctly.
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2 General liabilities and cross-ownership

There is more than just equity cross-ownership:

• cross-owned bonds.

• cross-owned derivatives.

⇒ Cross-owned liabilities (financial promises) of any kind!
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Walsh (2009) in The New York Times:

[...] A.I.G.’s individual insurance companies have been doing

an unusual volume of business with each other for many years

– investing in each other’s stocks; borrowing from each other’s

investment portfolios; and guaranteeing each other’s insurance

policies, even when they have lacked the means to make good.

[...]
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3 Asset valuation models

• Cross-ownership is a structural issue.

• Merton (1974), the grandfather of all (structural) credit risk models.

• There is literature on (see McNeil, Frey and Embrechts (2005), and

references therein):

– multi-firm models (correlations, copulae).

– counterparty risk (“vulnerable options”).

– reduced form/factor models.

BUT: Existing models seem to not attempt multi-firm, multi-liability, and

multi-priority cross-ownership in a structural way.
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4 A two-firm example

Recap: The Merton Equations (no cross-ownership):

ri = min{bi, ai} (1)

si = (ai − bi)+ (2)

where

• ai = company i’s assets (i = 1, . . . , n; here n = 2), ≥ 0.

• bi = company i’s liabilities (plain vanilla bonds), ≥ 0.

• si = company i’s equity, ≥ 0.

• ri = recovery from i’s liabilities, ≥ 0.

The ai could have an arbitrary dependency structure.
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Note:

• For given ai, bi (i = 1, 2) the solution

(s∗1, r
∗
1) = (s∗1(a1), r∗1(a1))

(s∗2, r
∗
2) = (s∗2(a2), r∗2(a2))

of the Merton Equations (1) – (2) is trivial.

• The Merton Equations evaluate assets at maturity, given one eco-

nomic scenario (a1, a2).

• Pricing (before maturity) by risk-neutral methods is straightfor-

ward since s∗1, r
∗
1 , s∗2, r

∗
2 are simple derivatives (functions) of a1, a2.

• For this, one has to choose dynamic models for a1, a2.

• For the remainder of this presentation, we will mostly be focussing

on evaluation at maturity.
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Assume now that company i (i = 1, 2) owns 10% of the equity and

20% of the debt of company j (j = 2, 1).

Equilibrium Equations under cross-ownership (i = 1, 2; j = 2, 1):

ri = min{bi, (ai + 0.1sj + 0.2rj)+} (3)

si = (ai + 0.1sj + 0.2rj − bi)+ (4)

• (3) – (4) follow directly from no-(instantaneous)-arbitrage consid-

erations (e.g. under liquidation).

• Violation of (3) – (4) ⇒ capital structure arbitrage would be pos-

sible (cf. R. Merton in Mitchell (2004)).

• (3) – (4) is a very different animal from the Merton Equations.

• Solutions less straightforward to determine.
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• If there was a unique solution

(s∗1, r
∗
1) = (s∗1(a1, a2), r∗1(a1, a2))

(s∗2, r
∗
2) = (s∗2(a1, a2), r∗2(a1, a2))

of (3) – (4), then, by an implicit [measurable] function, we would

again have that the solution would be a derivative/function of

a1, a2.

• Risk-neutral pricing would be straightforward.
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Question:

Is there a (unique) solution of these Equilibrium Equations?

Answer: Yes.



4 A TWO-FIRM EXAMPLE 16

Questions: What if one has

• multiple (thousands of) companies?

• multiple liabilities per company

(including derivatives on other assets, liabilities or derivatives)?

• multiple different seniorities of these liabilities?

Answers: cf. F. (2010)

• Under fairly general assumptions, unique solutions exist.

• Risk-neutral pricing is possible, but first you need to get the solu-

tions for all possible economic scenarios (a’s).
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5 The two-firm example with 1 option

Consider the example of Sec. 4 with one derivative issued by firm 1:

• A European Call on asset a2 with a strike price of k and a ‘size’ of

0.1, i.e. the payoff function is

0.1(a2 − k)+. (5)

• Firm 2 owns 30% of this derivative issued by 1.

• Note: In a liquidation, derivatives usually have a lower priority than

secured bonds, i.e. they default first once equity is 0.

• Equity is the residual claim.
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The new Equilibrium Equations that need to be solved for all a1, a2 ≥ 0:

rb
1 = min{b1, (a1 + 0.1s2 + 0.2r2)+} (6)

rd
1 = min{0.1(a2 − k)+, (a1 + 0.1s2 + 0.2r2 − b1)+} (7)

s1 = (a1 + 0.1s2 + 0.2r2 − b1 − 0.1(a2 − k)+)+ (8)

r2 = min{b2, (a2 + 0.1s1 + 0.2rb
1 + 0.3rd

1)+} (9)

s2 = (a2 + 0.1s1 + 0.2rb
1 + 0.3rd

1 − b2)+ (10)

• A unique solution always exists (cf. F. (2010)).

• Imagine the system for thousands of firms, thousands of bonds and

derivatives, and possibly 3-4 seniorities!
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6 A note on the Absolute Priority Rule

The priority of claims is honored. Equity is the residual claim.

• APR requests strict adherence to the seniority of liabilities in a

liquidation.

• Any higher rank claim has to be fully paid off before any lower rank

claim can be paid.

• Not always honored in real life.

• Longhofer and Carlstrom (1995): APR “routinely circumvented in

practice”.

• Circumstances (liquidation vs. reorganization, or political interven-

tion) and extent to which the rule is disregarded vary (see e.g. Eber-

hart, Moore and Roenfeldt (1990)).

• Our theory can help to price/quantify violations of the rule.
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7 The general case (F. (2010))

• Models the XOS of assets and liabilities for groups of firms.

• Multiple different classes of liabilities, e.g. debt and derivatives.

• Multiple different priorities of claims are allowed.

• Directly incorporates counterparty risk at the multi-firm level into

derivatives pricing and general asset pricing.

• Underlying exogenous assets can be stochastically dependent.

• Situations where valuation is impossible (no equilibria/multiple

equilibria) exist.

• It should be possible to extend any model based on the original Mer-

ton Model (for instance the Moody’s KMV model) to incorporate

cross-ownership along the lines of this paper.
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8 Conclusion

• The main challenge is to formulate and solve the equilibrium equa-

tions that properly account for cross-ownership in terms of the bal-

ance sheet items of all firms at maturity, under any given possible

economic scenario of the underlying exogenously priced assets.

• It is important that in the case of a unique equilibrium, similarly to

the Merton Model, all equities and liabilities are direct derivatives

of the underlying exogenously priced assets.

• This makes no-arbitrage pricing at times before maturity possible

by means of risk-neutral valuation techniques.
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Getting in touch:

Prof. Dr. Tom Fischer

Institute of Mathematics

University of Wuerzburg

Am Hubland

97074 Wuerzburg Phone: (+49-931) 31-88911

GERMANY E-mail: tom.fischer@uni-wuerzburg.de

Important notes:

• Parts of this work have been subject to a provisional patent filing.

• The working paper (F., 2010) is not yet publicly available.
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